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ABSTRACT

The concept of Rademacher type p (1 < p < 2) plays an important role in
the local theory of Banach spaces. In [3] Mascioni considers a weakening
of this concept and shows that for a Banach space X weak Rademacher

type p implies Rademacher type r for all r < p.

As with Rademacher type p and weak Rademacher type p, we
introduce the concept of Haar type p and weak Haar type p by replacing
the Rademacher functions by the Haar functions in the respective defini-
tions. We show that weak Haar type p implies Haar type r for all » < p.
This solves a problem left open by Pisier [5].

The method is to compare Haar type ideal norms related to different

index sets.

1. Introduction

Let () denote the sequence of Rademacher functions. For 1 < p < 2, we say
that a Banach space X is of Rademacher type p if there exists a constant ¢ > 0

such that
n n 1/p
> akri| L < C(Z ||¢vk||”)
k=1 k=1

foralln € N and z1,...,2, € X.
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Furthermore, for 1 < p < 2, we say that X is of weak Rademacher type p
if there exists a constant ¢ > 0 such that

n 1/2
< enl/P-1/2 ( Z ||xk||2)

k=1

kTk| L2

foralln e Nand z1,...,2, € X.

Kahane’s Inequality and the Cauchy-Schwarz Inequality tell us that Rade-
macher type p implies weak Rademacher type p. Mascioni [3] has shown a partial
converse.

THEOREM 1.1 (Mascioni [3]): If a Banach space X is of weak Rademacher type
p for some 1 < p < 2 then it is of Rademacher type r for all r < p.

A different concept can be introduced by using sequences of X-valued martin-
gale differences instead of Rademacher sequences. Following Pisier [6], we say
that a Banach space X is of martingale type p (1 < p < 2) if there exists a
constant ¢ > 0 such that

n n 1/p
D di|Lpl < c(ZIIdeLPII”)
k=1 k=1

for all n € N and all X-valued martingale difference sequences dy, ..., dy,.

Again, for 1 < p < 2, we say that X is of weak martingale type p if there
exists a constant ¢ > 0 such that

n n 1/2
de < cnl/P—l/Z(Z”dle2”2)
k=1 k=1

for all n € N and all X-valued martingale difference sequences di, ..., dn.

L,

In [5] Pisier showed a theorem similar to Theorem 1.1.

THEOREM 1.2 (Pisier [5]): If a Banach space X is of weak martingale type p
for some 1 < p < 2 then it is of martingale type r for all r < p.

(7)

Denoting by x;’ the Haar functions, we see that the sequence

2kl

(Z ) (J)) =1,...,n, ()cx

forms a sequence of X-valued martingale differences. Restricting to those martin-
gales (usually referred to as dyadic or Walsh—Paley martingales) in the definition
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of martingale type, we can define the apparently weaker concept of Haar type.
For 1 < p < 2, we say that a Banach space X is of Haar type p if there exists

) 1/p
for all n € N and (xgcj)) C X.
Once more it was Pisier [5] who showed that Haar type p and martingale type

a constant ¢ > 0 such that

Z Z xff)xff

k=1 j=1

2k1

Z ONaITS

n

<e(X

P

p coincide.
THEOREM 1.3 (Pisier [5]): A Banach space X is of martingale type p if and only
if it is of Haar type p.

Of course, the next step is to define weak Haar type. For 1 < p < 2, we say

that a Banach space X is of weak Haar type p if there exists a constant ¢ > 0
such that

n 281 n 2 1/2
S5 200z ” <cn1/p-1/z(z ORI “)
k=1 j=1 k=1

for all n € N and (xscj)) cX.
The main result of this paper is the following companion to Theorems 1.1
and 1.2.

THEOREM 1.4: If a Banach space X is of weak Haar type p for some1 < p <2
then it is of Haar type r for all r < p.

This solves a problem in [5], where Pisier could show the same conclusion under
the stronger assumption that X is of weak martingale type p.

Let us now quickly review the contents of this article section by section.

In Section 2, we define the necessary concepts. In Section 3, we formulate and
prove the main new ingredient of the proof of the main theorem. In Section 4
we provide a lemma of combinatorial character needed to prove a local variant of
the main theorem. In Section 5, we show how to derive the main theorem from
the results in Section 3. Finally, in Section 6, we consider some examples and
formulate some problems.

ACKNOWLEDGEMENT: I am grateful to Albrecht Pietsch for his numerable hints
and useful remarks, which helped to smooth out the content of this paper.
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2. Definitions
For k=1,2,...and j = 0,%£1,%2,..., we define the Haar functions by

+2-0/2f e AP,

xO) = —at-0r2 e ABD)
0 otherwise.

Here
80 i= (15 4)
are the dyadic intervals,
The following facts are obvious consequences of the definition of the Haar

functions:
(1) xP(t- 54 = W) and
(2) XLt = vax{ ().
We denote by
D:= {(k,j): k csp=10,25 T

the dyadic tree. For a finite subset F C I, we consider the orthonormal system
HE) = {xi: (k,5) € F} C Ls[0,1).
In particular, we will consider finite dyadic trees
B ={(k,j):k=m,...,n;j = 1,...,2’°‘1},
where m < n. For t € [0, 1), we also use the branches

B(t) := {(k,j): t € AP} = {(k,5): x{(¢) # 0}

These are exactly those points of the dyadic tree D which lie on one of the infinite

paths starting in the root (1,1). Figure 1 shows a part of the set D, where the

thicker dots stand for the first elements in any of the sets B(t) for t € [-Z, 7).
We define the following type ideal norms associated with the systems H(F).

Definition: For T € £(X,Y’) and for a finite set F C D denote by 7(T|H(F))
the least constant ¢ > 0 such that

ST 1
F

1/2
(3) <c (Z nzi"’IP)
F
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for all {z: (k,5) e F} C X.
We call the map
T(H(F)): T — 7(TH(F))
the Haar type ideal norm associated with the index set F.
We write 7(X|H(F)) instead of 7(Ix|H(F)), where Ix is the identity map of
the Banach space X.

(5,4)

(1,1)
Figure 1. The dyadic tree D.

3. Comparison of Haar type ideal norms

In this section we compare Haar type ideal norms associated with different index
sets F.
The following proposition is an easy consequence of the facts (1) and (2).

PROPOSITION 3.1: Letn >m > 1. Then for allT € £(X,Y)
T(TIH(DLL)) < 7(TIH(D},)).
Proof: We split I[l)’,’nil1 into the two subtrees
S1:={(k,j) € DI : 1< <277,
Sa:={(k,j) e DpR 2" 2 +1<j <2}
Note that for 0 <t < 1/2

(k,j)€S; implies XY () =0
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and for 1/2<t <1
(k,j) €S; implies Xg)(t) = 0.

Hence we may write

2
/H Z Ta:fc])xfj) H dt

m+1
1/2
_ /H Z 7oy @ (1) H dt + / H Z Txmxo)(t)“ dt
m+1 1/2 m+1
1/2
- / HZTxi")x(’) “ dt + / “ZTx(J)X(J)(t H
0 Sl 1/2 2

Substituting s = 2t and h = k — 1 and taking into account-formula (2}, the first
integral can be estimated as follows:

1/2 1 p gkt
. . 2
[IErofa=; [|3 Xt ()«
0 S, o h=mj=1
n 2k-1
r(@THOL)? S 3 el |2
h=m j=1
(TIH(DL)) znzwn?

Replacing ¢ by ¢+ 1 and j by j + 2F=2 and using (1), the estimate above passes
into

/IlZTx(J)X(J)(t " dt < 7(T|H(D; ))22”:,:(1)”2’

1/2 Sz

which implies the desired inequality. |
By iterated application of Proposition 3.1, we obtain the following result.

COROLLARY 3.2: Let m,n € N. Then we have for all T € £(X,Y) that

T(TIH(DT)) < T(TIH(DY)).
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The following transformation and their effects on the Haar functions will play
the crucial role in the proof of Proposition 3.7. For (h,i) € D, we denote by <p$:)
the transformation of [0, 1) that interchanges the intervals

A amd A,
More formally
. t+ghr  forte ANT?,
(4) () =S t— gy forte ATV,
t otherwise.

Lemma 3.3 describes the behavior of the Haar functions under wg). What is

chj )o gpff) for (k,j) € D? It turns out that the most interesting cases are those if
(k, j) belongs to the fork F := {(h,4), (h +1,2i — 1), (h + 1, 23)}.

S S,

(h+1,2 - 1)

(h,9)

Figure 2. Part of the dyadic tree D}.

(4i—2)
ht1

or Afﬁ;l) then obviously xg )o <p§f) is again a Haar function on the same level
k. This is exactly the case if (k, j) belongs to one of the subtrees

If on the other hand the support of xg ) belongs to one of the intervals A

S1:={(k,4): AP, C AlT?},

Sz :={(k,j): AP, c altTV}.

In the remaining cases the Haar functions xg ) are invariant under ws). Look at
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Figure 2 to see how the different index sets ]F'ff), S; and S, are related to each
other.

LEMMA 3.3: On the fork ]F'ﬁ: ) the transformation cpff) acts as follows:

‘ i 2i-1 2i
XE:) ° ‘Pi) = (X§1+1 '+ X§,+)1)/\/§,
2i-1 i i 2i-1 2
xig oo = (Vi +xii” - xih) /2

2 i ; 21 2
X§L+)1 o ‘P§1) = (\/EXS) - Xﬁz-{l—l )+ ng-:-)l)/z‘

Moreover, for (k,j) € S, or (k,J) € Sa, we get

. gk—h—2
G x0T (kg esy,
Xg °o®n = (j—2t=h-2) . .
Xy if (k,7) € S,.

The remaining Haar functions X§j ) are invariant under cpf:).

Proof: Looking at Figure 3, we easily see that

1 3 2i—1 21

XE.) ° ‘PEZ) = (X§1+1 '+ X§1+)1)/‘/§’
2:—1 21 1 i

BT+ x) 0 0f? = VX,

2i—1) 2i) ) (2i-1)(20)
(Xflll - X§1+1) ° ‘ng = Xgul-l ~ Xht1

Solving this system of equations, one gets the assertions for (k,j) € ]FS).

The other assertions follow easily from the definition of cp,(:). 1

o

Afi_l) ( — j Afi)
l } Il |
T T

T
(4i-3) 4i—-2) (4i-1) (4i)
Apfr - A§.+1 A AL

(@) | (2-1)

Figure 3. The graphs of the functions x;,°, x;,, ~ and X(Zi)

h+1"

The following concept turns out to be very useful in the proof of the main
theorem.
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Definition: Let F C D be a finite subset. The local height of F is defined as
the maximal number of indices in F, that are contained in one branch B(t). That
is, we let

1h(F) := tg%&}lc) |F N B(t)]-

The next definition is due to the special behavior of the Haar functions Xfcj )
under <p,(:) for the indices (k, 7) in the fork IFE:).

Definition: For given F C D, we say that an index (h,:) € F is F-admissible,
if its successors (h + 1,2i — 1) and (h + 1,2¢) do not belong to F.
For an F-admissible index (h,i) € F, we assign to F another index set @g)(]F)
as follows. We let
(h+1,2i - 1), (h+1,2i) € 2P (F).

Moreover, we let (k, j*) € @5:) (F) for all (k,j) e F~ ]Ffj), where j* is determined
by
) 0 o = 7).
Note that by Lemma 3.3 such a number j* exists.
The transformations <I>§:) obviously enjoy the following properties.

LEMMA 3.4: Let (h,i) € F be F-admissible. Then
2P (F)| = [F|+1 and 1@ (F)) = In(F).

The next lemma clarifies the importance of the index set <I>§f)(]F).

LEMMA 3.5: Let (h,i) € F be F-admissible. If fy is given by
fr= Zxﬁj)xg) with mg) € X,
F
then there exist elements y,(cj ) € X such that
frogd = T yPx9).
80 (F)

Moreover, the lo-sums of the families (arzgcJ )) and (y,(c] )) are the same,

Sl =3 1?2
F

(" (F)
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Proof: Write fr in the form
— $§:)X§: Zx(’)xij)

with Fy = F\{(h,1)}. In view of Lemma 3.3

frool) = Loy BTl 4 1oy 4 Zx(”xff')-

Again, j* is determined by

X ol =x7 .

Note that
ng)xg ) Z xECJ )XiJ)'
Fo & (Fo)

()

Hence the elements y,’’ are given by

i i 2
y£2+1 Y= \/-x.gl ] y:‘(z-:)l \/-xg) and

v =20 for (k,5) € @9 (Fy),

and their lo-sum can easily be computed. |

Note that an index set F of local height n can be arbitrarily large. However,
the following lemma shows that, using the transforms <I>(i), such an index set can
be compressed so as to fit into a certain dyadic tree D717 +1- The idea is to replace
an admissible index (k,7) € F by its successors (h +1,2: — 1) and (h + 1, 22).

LEMMA 3.6: Let n := 1h(F). Then there exist m € N and a finite sequence of
transforms
q,(‘l) ¢£‘2) Q('N)
F=TFy - TF >... 5% Fy
such that

Fy CDIT.

Proof: Since F is finite, we can choose m € N with F C D**™. As often as

possible, we successively apply transforms @fjl‘) for F;_; -admissible indices (hi,%;)

q,(‘x)
Fioi =5 .
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In order to guarantee that F; is still contained in D]1%, we always assume that
hh<m+n.
Since
|| = |F—p| +1 and |F;| < ’D;n+n|,

this process terminates after a finite number of steps. Hence, the last index set
Fx does not contain any Fy-admissible index (h,) with h < m + n.
Choose h such that

Fy CD*™  and  Fy Z DA

If h =m+n, then Fy C DIi" C D*T. Thus we are done. Otherwise, take

m+n

any index (h,jo) € Fy on the lowest level. Since » < m + n and (A, jo) is not
Fn-admissible, at least one of its successors, say (h + 1,71), must belong to Fy.

In this way, we find a sequence
(h,jo), (h+1,41),..., (M + 7, jmin—n) € Fn
of length m + n — h + 1, that belongs to some branch B(¢). Hence
m+n—h+1<n=Ih(F).
Finally, we conclude from m + 1 < h that
Fy CDP™ CDYT.

We can now formulate the most interesting result of this section.

ProPOSITION 3.7: Let F C D be a finite subset of local height n. Then there
exists m € N such that for all T € £(X,Y)

T(TIH(F)) < 7(TIHDZED)).

Proof: Consider the transforms @S;),...,ng,’: ) constructed in the previous
Lemma. Let <p,(:11), ey @Sﬁ ) denote the associated bijections defined in (4).
Given

o=y
F

we let
f]}r, = fo-x <) Lpg:) and f]Fo = fur.
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Write
D G
foo = g
F

Since the transformations <p§:) are measure preserving, we have

Ny .
| 7295 |La|| = feolLall= -+ = few | Eall=|| 3 T2 | s
F Fn

Moreover, Lemma 3.5 yields that
oMU =D O = e = D
F Fo Fn

Since Fy C Dn17, we have
1/2
| S 75| | < r(@imemitn) (Z ||x§3"”>u2> .
Fn Fy
Hence

1/2
|3 729%2| || < v (Z nzi"’u?) .
F F

We now summarize the results of this section.

THEOREM 3.8: Let F C D be a finite subset of local height n. Then we have
for all T € £(X,Y) that

T(T|H(F)) < 7(TIH(DY)).

Proof: The assertion follows immediately from Corollary 3.2 and Proposition 3.7.
n

Remark: Using the same methods as in the proof of Proposition 3.7, one can
show that
7(T|H(F)) = (T|H(D}))

for all T € £(X,Y), if F has exact local height n, i.e. if
[FNB(t)| =n

for all t € [0,1).
As a consequence of the remark above, we get the following result.
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COROLLARY 3.9: Let m,n € N. Then we have for all T € £(X,Y’) that

T(TIH(DRT)) = 7(TIH(DY)).

4. A combinatorial lemma

In this section we provide a lemma, which is needed in the proof of Theorem 5.3.

LEMMA 4.1: Let F C D} be an index set of local height | < n. If |F| < 2! — 1
then there exists an index (k,j) € D} T such that

Ih(Fu {(k,5)}) = 1.

Proof: For Il =1 the assertion is trivial. Now assume that for [ — 1 the lemma is
true. To prove the lemma for [, we use induction over n > [.

If n = [ then D} has exactly 2" — 1 = 2! — 1 elements and each subset of
D} has local height less than or equal to I. Hence, we may take any element
(k,7) € D? \F. Since |F| < 2! — 1, the latter set is certainly nonempty.

Now assume that F C D} and n > I. Note that the subtrees

Sy:={(k,j) €DF: 1< <2577,
Sp:= {(k,j) € Dy: 262+ 1< j <21}
can be canonically identified with D7 ™. Let
F] :=IF‘ﬂSl and ]F2 Z=]FﬂS2

and consider them as subsets of D} ™! via the identification above.
If (1,1) ¢ IF then

Ih(F;) <l and |F|<|F|l <2 -1
By the induction hypothesis, there exists (k,7) € S; ~F; such that
Ih(Fy U {(k,5)}) < 1.
Since (1,1) ¢ F, this implies that also
Ih(F U {(k,5)}) < L.
If however (1,1) € F then

Ih(F,) <I-1 and Ih(F)<I-1.
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Moreover, without loss of generality, we may assume that

LRI

|Fq| <

Since we already know that the lemma is true for I — 1, there exists (k,j) €
D}! \F; such that
Ih(F; U{(k,j5)}) <!-1L

Since (1,1) € F, this implies that

Ih(Fu {(k,5)}) <. 1

By repeated application of the previous lemma, one easily checks the following

statement.

COROLLARY 4.2: Let F C D} be an index set satisfying Ih(F) <! < n. If
|F| < 2! — 1 then there exists an index set Fg C D} \F of cardinality 2' — 1 — |F|
such that

h(FUTF,) < L.

5. Haar type and weak Haar type

First of all, let us introduce variants of the ideal norms 7(H(D})) defined in

Section 2.

Definition: For T € £(X,Y) and for 1 < p < 2 denote by 7,(T|H(D7})) the least
constant ¢ > 0 such that
| =

1/p
(J) (J)

H DL
o

for all (xfcj)) CX.
Note that
r(H(DT)) = 7(H(D7)).

The following theorem allows one to easily determine the asymptotic behavior
of the ideal norms 7,(H (D7 )). It is a refinement of a theorem of Pisier in [5] and
is due to Geif} [2].
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THEOREM 5.1: Letn € Nand1 <p <2 be fixed. ForT € £(X,Y’) assume that

1/p

) (J) Lo

(1)

”Scn

for all (z0') C X. Then it follows that
(TIH(DY)) < ccn.

Here c is a universal constant not depending on n nor p.

The next definitions are motivated by the corresponding concepts in the case

of Rademacher functions.

Definition: For 1 < p < 2, we say that an operator T € £(X,Y) is of Haar
type p, if there exists a constant ¢ > 0 such that

(TIH(DT)) < c

foralln e N.
For 1 < p < 2, we say that an operator T € £(X,Y) is of weak Haar type
p, if there exists a constant ¢ > 0 such that

T(TIH(DY)) < enl/P=1/2
for all n € N.
Remarks:

¢ Theorem 5.1 ensures that for p < 2 Haar type p implies weak Haar type
p. Indeed, note that

Z Txij)xg) L,
D}

<mp(T|H(D})) n'/P~1/2
2\ 1/2
(2 ) |
k_

T(T|H(D})) < erp(TIH(D})) nl/P~1/2,

(J)XSCJ')

and hence by Theorem 5.1
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o In the case p = 2 the corresponding definition of weak Haar type 2 would
obviously coincide with that of Haar type 2. That’s why, we consider weak
Haar type p only for p < 2.

o In Pisier’s work [5] it was shown that a Banach space X is of Haar type p
exactly if it admits an equivalent p-smooth renorming. A similar statement
also holds for operators; see also [1] or the forthcoming book [4] for this
connection.

o Pisier in [6] also introduced a concept of martingale type p, which again
is equivalent to Haar type p. This follows from the considerations in [5].

We can now prove the main theorem of this article.

THEOREM 5.2: If an operator T € £(X,Y) is of weak Haar type p for some
1 < p < 2 then it is of Haar type r for all r < p.

Proof: The proof follows essentially that of Sublemma 3.1 in Pisier [5]. The main
new ingredient is the use of the results of Section 3.
Let r < p and (zﬁf)) C X. Set

2k1

Z MO

gl

and for 1 = 1,2,... define

: n. Sr k—1)/2)1,.(3) Sy
o= { (k) € O g7 <200 < g L

Then it follows that

) T2 = {2 T2,
D}

=1 F,

Moreover the sets I, have local height less than 2!, To see this last fact, choose
t € [0,1) and note that

st >an£“x§3’<t )i

T S"’ i T §—
FiNB(t) FinB(t)
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This shows that
(6) |F; N B(t)| < 2.

By Theorem 3.8 and the definition of weak Haar type p, there exists a constant
¢ such that
(7) T(TIH(E)) < r(THDE ) < c20/P=1/2),

Since r < p it follows that
Zgl(l/zv—l/r) = Cpr < 0O
=1
Hence (7) implies
(8) > r(TH(EF)) 2127 < ey
=1

Moreover we have

1

Z”xg)w — Z/ka chj) |2dt / Z ”xg)xg)(t |2dt
F,

F, 0 0 ]FmIB(t)
1

©) = [ % e
0 Flﬁ]B(t)

< /|]Fl ﬂ]B(t)' (R%Y/?)2dt < 22/1‘21(1—2/7)5’72”

Now (5), the definition of 7(T|H(F;)), (10), and (8) imply

| S e < | S el
D} =1 F
- 1/2
< SO e (z nxﬁj’u"’)
=1 F;

[e.

< 2T ST HTH(R)) 2N S, < 2 e, S,
=1

Finally Theorem 5.1 gives
- (T|H(D})) < 2Y/" CCpr,

which completes the proof. ]
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Looking at this proof more closely and exploiting Corollary 4.2, we can even
prove the following local variant of the previous result:

THEOREM 5.3: If an operator T € £(X,Y) is of weak Haar type p for some
1 < p < 2 then there exists a constant ¢ > 0 such that

7(TIH(DY)) < c(1+logn)

for alln € N.

Proof: Let (z{)) C X. As in the previous proof define

n. S,, (k=1)/2((..(7) Sp
{(k 7)€DY 28 < gD 0) < e

Again (5) and (6) hold. Let m be such that 2™ < n < 2™*l. We now use
Corollary 4.2 to construct modifications Fy,...,F,, ., of the sets F; of maximal
cardinality. This is done inductively. If [Fy| > 3 then we let I} := F;. Otherwise,
by Corollary 4.2, there exist a subset F{ C D} \TF; of cardinality 3 — |F;| such
that 1h(F; UFY) < 2. Defining F} := F; UF{, we get that

Ih(F)<2' and [F|>2¥ 1.

Now assume that [ < m and that F},...,F,_, are already defined such that

Ih(F_,) <2, 'IF|22f4—L
n - - —
Fi, SOINULE, Ui B CULE
If
1-1 .
R+ R > 27
k=1

then we let F} := F;. Otherwise, by Corollary 4.2 (note that 2! < 2™ < n), there
exists a subset F/ C D} \ T, of cardinality 2% —1—|F,| such that Ih(F, URY) <24

Defining
1-1

F =R UF)N R,

k=1
we get that 1h(F}) < 2, and

i -1

z|m*k|>2|m'k|+(|mv|+|m*'l) 3O IF =27 -

k=1 k=1 k=1
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Moreover, by construction

-1 i 1
FeDi~JRe and R C|JF
k=1 k=1 k=1

The last condition ensures that for (k,7) € F, we have (k,j) ¢ UL, Fs and
hence

(k=1)/2)1,.(3) Sp
2 Hx ” S 2([ 1)/}1
This construction yields a sequence F{,...,F, . of length m. Finally, we let
m

m+1 - Dl U

Obviously Ih(F,,,,) < n < 2™+l Moreover, for (k,j) € F,,,,,

(k—1)/21,.() Sp
26-0/2)50) < 2

Since again 1h(F}) < 2! for I =1,...,m + 1, we have (7) for F,. Moreover

m+1
2 (T|H(F})) 2"4/271P) < e (m + 1) < ¢ (1 + logn).
=1

Furthermore, Inequality (10) holds with r replaced by p. Now, since
m+1
U F; = Df,
=1

we get

m+1
[pretl] SISl
Dp =1 F

ml 1/2
< HTME)) (Enx,?”nz)
i=1 Fy

m+1

<22 3 r(TIH(E)2 /s,
=1

< 2YP¢(1 4 logn) S,.

A glance at Theorem 5.1 completes the proof. ]
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6. Final remarks

To show that the notions of Haar type p and weak Haar type p do not coincide,
we provide the following example.

Let 1 < p <2 and o} := k~1/?". Consider the diagonal operator D,: ;3 — Iy
associated with the sequence s = (o), which is given by

I = (fk) — Dyx = (ngk)-
Then
n 1/2
r(DA[H(D})) = (2 k—z/p'> < nlo-1/2
k=1

and hence D, is of weak Haar type p. On the other hand

n 1/p
Tp(Ds[H(D})) = (Z k*) >
k=1

and hence D, is not of Haar type p. The tedious calculations are carried out in

[8].

However, for spaces the situation seems to he more complicated.

(1 +logn)1/”'

O =

Problem 1. Given 1 < p < 2, does there exist a Banach space X that is of
weak Haar type p but not of Haar type p?

In the Rademacher case, such examples are given by the well known modifi-
cations of the Tsirelson space (see Tzafriri [7]) which are even Banach lattices.
It can also be shown that for Banach lattices the concepts of Rademacher and
Haar type are the same. However, it seems to be unknown whether the same is
true for the corresponding weak properties.

The examples above also suggest that a stronger version of Theorem 5.2 is

true.
Problem 2. If T is of weak Haar type p, does there exist a constant ¢ > 0 such
that
o(TIH(D})) < ¢ (1 + logn)V/?'?
One more problem remains open. In the introduction it was mentioned that
martingale type p and Haar type p are equivalent properties.
Problem 3. Is it true that weak martingale type p and weak Haar type p are

the same?
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